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The problem of determining the dynamic characteristics of a sloshing fluid 
partially filling a moving cylindrical cavitv was solved bv G.S. Narimanov. 

D.E. bkhotslmskli, B.1. Rabinovich ’ 
and N.N. Moiseev. The values of tht 
free vibration frequencies of a shal- 
low fluid in a conical bottom with 
large apex angles were obtained in 
[l] by a variational method. 
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An analytical solution of the prob- 
lem of fluid sloshing in a moving 
cone with a small apex angle is given 
bklow, and not only the frequencies 
but also the apparent mass of the 
fluid in cavities with any coning 
angle are determined by a variational 
method. 

Let us represent the displacement 
potential of an ideal incompressible 
fluid in the form of the sum 

Here u Is the displacement, w 
the rotation of the cavity and r,, a 
generalized coordinate of fluid 
sloshing (Fig. 1). 

From the condition of impermeabi- 
lity on the wetted surface S and 
the constancy of the pressure on the 
free surface C , we have the follow- 
ing boundary conditions for Y and cp.: 
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The equations of the disturbed motion of a cavity partially filled with 
uid in the x*2* plane have the form 

(}LO + p) U" + 5 h,,r,;. = P 

11=1 

(4) 

Here no+ p is the mass of the body plus the fluid, Jo is the moment of 
inertia of the solid body relative to the y-axis and the apparent masses 
h 3" 
FcZmu%sPn' 

J.and the fluid sloshing frequencies a,,' are determined by 

?,,= \p,,dS=~za~dS. A,,,-(q,Jzv,- xvJdS = \YazdS (5) 
S S 2 

J = ‘4 (ZY, - zvz) dS, 2= 1 
=n 

‘Pn v, 0, z”) 

It is assumed that a unit mass-force vector acts on a fluid with unit 
The free surface profile C 

y:""::y;O). 
intersects the xz plane at the point 

By virtue of (2) and (3) the boundary value problem for the cone in the 
spherical Ii, 8, q coordinate system (Fig. 1) is written in the form 

L\cp, z.zz 0, [%lRzl = [$]e=so = 0, [%]R=R,= - ‘9,” hi]R=R, @) 

= - R2 sin q (7) 

The boundary condition of constancy of the pressure on the disturbed free 
surface E is here transferred to the surface of the spherical segment 
R = RI, 0 \<e<e,, which is possible as long as the height of the latter is 
commensurate with the height of the wave. 

Using separation of variables, we obtain the solution of the boundary 
value problem (6) 

v+a 
‘P,, = X, (R) Y, (0) sinrl, 

y = P”(0) x,= 
RI [(v + 1) R2”+’ + v] 

,, 
p, ’ RY+% (v + 1) (RI’“+‘-- 1) 

(8) 

Here v is the n-th root of Equation dP,(Bdlde =O, and P,(8) is the 
first associated Legendre function of the first kind of v-th order. 

The function Y can be represented as 
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a3 m 

\y= - @ 6 sin 9 4-x A, (2EzIX,, -t- 2X,*) Y, sin q + 2 Q, (R) Y,,sin q 
n--l ??-=I 

which, after Certain transformations may be written 

(y 4- 3) (v -21 fl,” 
(ZR,X, t; ix,* - R’f Y, sin y1 (9: 

R"+lY (Y + 1) (R12"+l- 1) 

The coefficients (5) of the system of equations of motion (4) of a conical 
cavity (Fig. 1) with fluid take the form 

1 _ 2 (v + 1) RlaYtl - (2v d_ 1) R;-‘_t v 

v (Y + 1) (K12’+1 - 1) 1 
1Ln= 

i%R,sN,2 [(v + 1) Rim+’ + v] v. (v + sna = - 1) (1 - Rp+I ) - (10) 
v (vi -+ I) (Rlzuil - I) ’ RI [(v -I- If R;2Y+1 -I- vJ 

03 
x sin2Bo 

J = 2 (v + 3) (Y - 2) A’,3 
1 

(1 - n15) - 
n=1 

ii 
-g- - (v + 3; (y - q- 

I 

_ 4 (Y + 1) + vR12”+I + RI5 [(v + 1) KlaYS1 $ VI - 2 (2v + 1) R;+’ -- 
(v + 3) tv - 2) v (v -& 1) (R1$“+’ - r) 

The coefficients for a cone with a vertex turned downward may be obtained 
analogously. As an example, let us present the expression for the coeffici- 
ents for a pointed, untruncated conical bottom (Fig.2) 

h = nsin8acOs00 
II 

v (v + 21, ’ 
I?Cjl = - vfi(;;O;) , 5; = v 

Er,= 
ny, sin8 o 

Y (Zv + 1) ' 

I t-T k? ;I SiJt6, (2Y+ 1) (V + ti) 
2 5&V (v I- 3)” (11) 
?\=I 

Let us present the values of the first root 
~~'(8~) = 0 and the corresponding values of 

v(n = 1) of Equation 
y1 for certain values of the 

cone half apex angle o0 

Fig. 1 shows the good agreement between the experimental, nondimensional 
values of the frequency of the first mode of the fluid sloshing 
cone (8, 

u12 in a 
; ll") and the theoretical values (10) as a function of Al 

The obtained solutions of boundary value problems (6) and (7) start to 
yield a significant discrepancy from practice for blunt cones. This is 
explained by the boundary condition on the free surface not being satisfied 
exactly. 

Let us reduce the solution of boundary value problems (2) and (3) to the 
determination of the extremum of the f'unctionalS. Using a variational method 
[II, we obtain 
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Following the Ritz method, let us seek the functions ~1 and F as 
sequences of linear com- 
binations of the coordi- 
nate functions 

A system of linearly 
independent functions, 
complete with respect to 
the energy, should be 
taken as coordinate func- 
tions for the conv’ergence 
of the Ritz method. 

Fig. 2 

Substituting the finite 
sums (14 into the func- 
tlonals 12) and (13)) t 
and equating the partial 
derivatives of the func- 
tionals with respect to 

the undetermined coefficients a, and em to zero, we obtain a homogeneous 
linear system of algebraic equations for a_ and an inhomogeneous system 
for’ c. 

(A - dB)*a = 0, D*c=q (1% 

Here A, B andB a e symmetric square matrices of rank k composed from 
the coefficients amp, $ 6 , respectively, and the quantities a, 0 and Q 
are k-dimensional vecto??wi?i components a.9 o. and n. . 

For the harmonic functions y. and C, 

As the number of terms k of the sum (14) increases, the n-th eigenvalue 
0” 2 of the matrix of the first system of Equations (15) converges to values 
of the partial frequency of the n-th mode of the fluid shloshlng in the ca- 
vity 9 and the function rp, (14) determined by the n-th eigenvector of the 
matrix (15) approximates the wave shape of the n-th mode . 

The apparent masses of fluid sloshing In the cavity will be determined by 
Formulas 

1, = i us&*, pn= (A-a, a) = Q f (B *a, a) 
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where 

h * = r,vtdS, horn*= T,,, (zv,- mz) dS’ m 
s 
S 

s 
s 

’ S, = (9 + i') dQ, 7, = 
s 1 

t;,,,(zv,+ w)dS 

u s+-x 

We will use the constructed complete sys- 
tem of functions (8) and (9) as the system 
of coordinate functions 
Ritz method. 

y. and 5, for the 

Fig. 3 illustrates the character of the 
convergence of the apparent masses and fre- 
quencies for successive approximationsof the 
Ritz method for the BO= ll'case. Plotted 
along the horizontal axis is the number k of 
terms of sum in the Ritz method. Plotted along 
the vertical is the ratio of any of thecoef- 
ficients of the k-th approximation to the 
corresponding coefficient taken as exact. 
The~number k = 0 corresponds to Formulas 

U f .? 3 CK 

Fig. 3 
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08 

\lOl* The nature of the convergence of the frequency a: indicates the 
effectiveness of the selection of the basis system of functions.Fig.2 shows 

the ratios of coefficienti 
x:/p1 and x012/ui for 
bonical bottoms. These 
coefficients are indepen- 
dent of the methoa of 
selecting the normaiiza- 
tion, and are determined 
both by the basic system 
of functions construc+Rd 
above (dashes) and by 
cylindrical functions 
which are the exact solu- 
tions of the boundary 
value problems (2)and (3) 
for a cylinder circum- 

7.--- scribed around the cone 
(solid line). The values 

1 1 S12 determined by both 

0 .lo” 60' 
methods, agree (curvt~ i 
in Fig. 4). Frequencies 

Fig. 4 determined by Formulas 

mula op sine, == 1.145’3 cot B. 
(11) (curve S), by For- 

(curve 3) [l] and also the frequencies in a 
cylinder circumscribed around the cone (curve 6) are compared with them. 
Curve 2 is determined by the variational method for a cone with vertex up 
and curve 4 by Formula (10). The experimental points were obtained by 
Mlklshev [2]. All the work associated with the programing and computations 
on the electronic computer (~TsM) was performed by E.S. Mironova. 

The author is grateful to B.I. Rabinovich for giving his attention to 
this work. 

BIBLIOGRAPHY 

1. 

2. 

Lawrence, H.R., Wang, C.J. and Reddy, B.B., Variational solution of fuel 
sloshing modes. Jet Propuls., vo1.28, NP 11; Nov. 1958. 

Miklshev, G.N. and Dorozhkin, N.Ia., Eksperimental'nye issiedovarilia 
svobodnykh kolebanli zhidkosti v sosudakh (i%%perimental investigations 
of free vibrations of fluids in vessels). Izv.Akad.Nauk SSSR, OTN, 
Mech. I mash., N: %, 1961. 

Translated by M.D.F. 


